In this paper we have studied a new Non-Commutative (NC) space with an operatorial form of noncommutativity. A point particle in this space feels the interaction of a magnetic field, that is singular at a specific position θ −1 . Here θ is the NC parameter and plays the role of particle charge as well. The magnetic moment of the particle is computed and its dynamics is studied in detail, both from Lagrangian and symplectic (Hamiltonian) points of view. The canonical (Darboux) variables are also identified. Our model can play interesting role in the context of (recently observed) real space Berry curvature in material systems. This is in analogy to recent works in NC particle mechanics that induce a monopole singularity in momentum space, that is related to the Berry curvature in anomalous Hall effect.
In the present paper, we put forward a mechanism for particle motion in a singular magnetic field such that the issue of loss of associativity is absent, but for an isolated singularity at a specific position. The singular nature of the magnetic field is not of the form of a monopole. This requires the particle to live in a new form of Non-Commutative (NC) space, as we show below. We deal with a non-relativistic classical model but the major part of our work goes through in the quantized version.
The chain linking the three phenomena, (Hamiltonian) particle dynamics in the presence of a magnetic monopole, NC phase space and the loss of associativity, is quite old [1] . NC spacetime has made a dramatic reappearance [2] when its presence was established in open string-D-brane physics. However, the explicit (constant) form of noncommutativity in [2] is quite different from the original operatorial form of noncommutativity, proposed by Snyder [3] . The present trend is to study the effects of these dynamic forms of NC spacetimes, such as κ [4] , Lie algebraic [5] and Snyder [3, 6] , in particle and field theory models. The primary reason for their relevance is that these NC theories do not violate unitarity or Lorentz invariance, whereas the quantum theories based on the constant form of noncommutativity [2] is plagued by these problems [7] . Interestingly, the Snyder NC model has been related [8] to the κ-spacetime which is connected [9] to Two-Time physics [10] . This discussion is motivation enough for us to pursue the present idea of introducing one more NC space structure (to the already existing long one) which, however, is in a sense complimentary to the Snyder algebra [3] .
In the present paper, we will consider a particle moving in a specific form of singular magnetic field. We will demonstrate that this system is equivalent to a particle in an NC "Snyder" space, where "Snyder" refers to our proposed NC algebra. Our formalism and results can throw light on more realistic situations, mentioned below.
Apart from the above points of interest, operatorial forms of NC phase space has drawn a considerable amount of attention in a completely different context, i.e. the momentum space Berry curvature and associated monopole singularity in anomalous Hall effect [11] , which has been recently observed experimentally [12] in momentum space. This is closely connected to the exciting areas of spin Hall effect and spintronics [13] . This is primarily due to the work of Berard and Mohrbach [14] who have considered a NC coordinate space with a singularity in momentum variable. This is in fact complimentary to the NC momentum space of [1] mentioned above, that describes a charged particle in the presence of a magnetic monopole in coordinate space. The idea of [14] has been further elucidated in [15] who demonstrate that Bloch electron dynamics, developed in [11] is indeed Hamiltonian in nature, (contrary to recent claims in [16] ), provided the proper symplectic phase space volume is taken into account. This has naturally given rise to the question of existence of singular structures in coordinate space and a recent paper [17] has suggested observation of the same. It has prompted [18] the study of other NC spaces that can lead to particles moving in singular magnetic profiles, distinct from the monopole form. The present paper is an attempt in this direction. In this short paper, we have introduced a new form of NC phase space which has a novel type of effective magnetic field, singular in coordinate space.
Let us start by considering a (first order) Lagrangian,
where θ denotes the particle charge, H is some unspecified Hamiltonian and the vector potential A i is given by,
We have used the notation (X.P ) = X i P i , X 2 = X i X i . This leads to a magnetic field of the form,
where L i = ǫ ijk X j P k is the particle angular momentum 1 . It might be possible to express B as a combination of multipole fields. Notice that
but for the singular surface
Let us consider a (magneto)static property of the particle, i.e. its magnetic moment. Mimicking the classical electrodynamical laws for magnetostatics, for a steady current J i one has J i = ǫ ijk ∂ j B k , which leads to an effective magnetic moment,
Quite interestingly, even for this "Snyder" particle residing in an NC space, (to be elaborated later), the above agrees with the conventional result for a moving particle [19] . We exploit the elegant scheme of Faddeev and Jackiw [20] and follow the notation of a recent related work by Duval et.al. [15] . A generic first order Lagrangian, as in (1), expressed in the form,
where η denotes phase space variables, leads to the Euler-Lagrange equations of motion,
In the above, ω αβ denotes the symplectic two form [20] . In the present model (1) we thus have,
and the particle dynamics follows:
We have used the notation ∂ (η) i ≡ (∂/∂η i ). Let us take a simple form of H,
One can see at once that (10) will yield, upon inversion,
which, for small θ expresses the relation between canonical and mechanical momenta in the presence of gauge interaction in the correct way. Furthermore, taking an oscillator potential
one has the equation of motion, up to the lowest nontrivial order in θ,
The above dynamical equation constitutes one of our principal results. Notice that the first and second terms on the r.h.s. indicate the effects of the oscillator potential and magnetic field respectively but there are other coupled terms as well. In fact, (as we will see later), the terms in the parenthesis in r.h.s of (15) appear, due to the non-canonical θ term in the {X, P } "Snyder" algebra, derived below in (19) . Since we have considered the O(θ) contributions only in (15), one can replace P i by mẊ i . It will be interesting to consider effects of these terms in the energy levels of the quantum particle and interpret them physically. Similar effects of analogous terms in the context of Snyder algebra, for the oscillator model has been studied in [21] . Let us now move on to the symplectic analysis of the model (1). Adhering to our earlier notation (7) [20, 15] , the symplectic structure for a first order Lagrangian model is the following:
In the above, f and g constitute two generic operators and ω αβ is the inverse of the symplectic matrix,
For the model (1) we compute,
It induces the non-canonical Poisson Brackets in a straightforward way:
This is the new form of NC space, or "Snyder" space, that we have advertised and this constitutes the other major result in our paper. For θ = 0 we recover the canonical phase space. This can be compared with the spatial part of Snyder algebra [3] which reads,
and the effects of which have been studied in various contexts [21, 6] . Notice that the structures (19) (and (20) as well) survive upon quantization since there are no operator ordering ambiguities.
2 More important for us is the fact that these NC algebras satisfy the Jacobi identity, J(A, B, C) ≡= {{A, B}, C} + {{B, C}, A} + {{C, A}, B} = 0,
with A, B and C being X i or P j .
There is a subtle point to be observed. Indeed, from the viewpoint of symplectic analysis, it is not surprising that the induced phase space (19) is associative (in the sense of classical brackets). However, at the same time we should remember that in the Lagrangian framework (1) of the same system, we had a particle interacting with a singular magnetic field and singular potentials tend to violate Jacobi identities [1, 14] . But there is no controversy involved 3 since, although the end product (19) is well behaved (as far as associativity is concerned), the intermediate steps (ω αβ or its inverse) are meaningful only at points X 2 = θ −1 . Once again we return to our oscillator model (12, 14) and compute the Hamiltonian equations of motion:
It is worthwhile to obtain the rotation generator. We posit it to be of the form
We find that it transforms the position X i and momentum P i properly:
It satisfies the correct angular momentum algebra:
Using the dynamical equations (22,23) we also check L i to be a conserved quantity,
This demonstrates the consistency of our derivation of the magnetic moment of the particle in (6). We note that (22) reproduces the canonical momentum P i in the magnetic field background,
We will end our discussion on the particle dynamics scenario with a few words on canonical (Darboux) coordinates corresponding to the phase space (19) . It is easy to check that the algebra (19) can be reproduced by expressing the NC variables (X i , P j ) in terms of a canonical set (x i , p j ) obeying
Quite obviously, these transformations will require proper operator ordering upon quantization.
In terms of the (x, p) set, the Lagrangian (1) will reduce to,
The symplectic matrix has turned in to a canonical one as expected and the interactions will be manifested through the Hamiltonian. From the structure of the Hamiltonian in (x i , p j ) canonical space, it might seem that the singular behavior of the "Snyder" particle, discussed throughout this paper, has disappeared. However, we reemphasize that the inverse of the above Darboux transformation (29) exists provided X 2 = θ −1 . Finally, we come to the works [15] , (related to [14] ), that have discussed the condensed matter problem of Berry phase effect in the context of anomalous Hall effect [11, 12] from a fluid dynamical framework in phase space. It has been shown in [15] that the modified equations of motion [11] for a Bloch electron, in the presence of a Berry curvature, are indeed Hamiltonian in nature provided one exploits an NC phase space and uses the appropriate (phase space) volume-form. One can attempt similar analysis in our "Snyder" NC phase space (19) , which is quite distinct from the ones considered in [14, 15] . In the present case, the correct volume form [15] is,
Notice that the same singularity has reappeared in the volome element.
Concluding remarks and future outlook:
First of all we will compare and contrast our results with the recent work of Berard and Mohrbach [14] that has created a considerable interest, in effectively NC (phase) spaces, in the Condensed Matter physics community as well [16] (see also the paper by Shindou and Imura in [11] ). The authors of [14] argue that the form of monopole singularity present in the phase algebra introduced in [14] can play the role of Berry curvature that has appeared theoretically in [11] and experimentally in [12] . The form of operatorial NC obtained in [14] is restricted in the sense that it depends only on momentum variables and this is due to the fact that in [14] the mixed coordinate-momentum bracket is taken as canonical: {x i , p j } = δ ij . On the other hand, it is natural to consider more general forms of this bracket such as those already present in the literature [3, 21, 6] or the new one introduced in the present paper. These will give rise to structurally different form of singular magnetic fields [18] . Why do we believe that the present model might be relevant in physically interesting situations? A very recent paper [17] has suggested the possible observation of real space Berry phase structure in the anomalous Hall effect in re-entrant AuFe alloys. As has been pointed out in [17] , this real space Berry phase contribution depends on topologically nontrivial contributions of spin and involves th magnetization explicitly. Hence clearly the structure of the singularity will be more complicated than a monopole type and will have a chiral nature. In the present paper, the "Snyder" space has yielded a magnetic field that is singular in coordinate space and not in the form of a monopole. In fact it depends on the particle magnetic moment. Also it should be noted that the angular momentum occures explicitly in the "Snyder" phase space algebra (19) . This indicates the presence of an inherent chiral nature in the phase space, which, however, was not manifest in the simple oscillator model. Hence, we believe that it will be very interesting to study the response of this particle to an external magnetic field, which we intend to study in near future. These observations tend to suggest that the novel NC model studied here, can serve as an effective theory for the physical phenomena analysed in [17] .
